Structure of the Chiral Scalar Superfield in Ten Dimensions by Kwon, P. S. & Villasante, M.
ar
X
iv
:h
ep
-p
h/
94
03
40
2v
1 
 3
0 
M
ar
 1
99
4
UCLA/94/TEP/8
February 1994
Structure of the Chiral Scalar Superfield
in Ten Dimensions
P. S. Kwon
Department of Physics, Kyungsung University, Pusan 608-736, Korea
and
M. Villasante∗
Department of Physics, University of California, Los Angeles, CA 90024-1547
Abstract
We describe the tensors and spinor-tensors included in the θ-expansion of the ten-dimensional
chiral scalar superfield. The product decompositions of all the irreducible structures with θ and
the θ2 tensor are provided as a first step towards the obtention of a full tensor calculus for the
superfield.
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I Introduction
The field structure of higher dimensional supergravities as well as of N ≥ 3 extended supergrav-
ities is still an open problem. It is an old problem whose general solution was deemed impossible
for a while due to some “no-go theorems” [1] establishing the impossibility of writing quadratic
Lagrangians for the linearized (free) theory. The underlying problem was the so-called “self-
duality counting paradox” [2] which was subsequently resolved [3] by the discovery of the fact
that the Lagrangian for the linear theory is not quadratic when is dealing with fields having a
self-dual field strength.
In particular one would really like to know the auxiliary field structure of 10-dimensional
supergravity [4], a theory unaffected by the above mentioned no-go theorems, due to its relevance
for string theory applications.
Traditionally the auxiliary field structures for supergravities that are known have always been
found in a rather ad hoc manner by counting degrees of freedom and trying to add suitable new
fields in order to match the bosonic and fermionic degrees of freedom off-shell [5]. It was only
later, after the answer was known, that more systematic ways of deriving the result were found.
However, for the more complicated theories the auxiliary field structure becomes so complex that
it has been impossible to guess. Complicating matters further is the above-mentioned self-duality
counting paradox, and we are finally bound to use a systematic approach to solve the problem.
A fruitful approach in 4 dimensions is the use of the superconformal framework in which
the different Poincare´ supergravities correspond to using different compensators to fix the extra
degree of freedom [6]. However, while the super-Poincare´ algebra remains essentially the same in
higher dimensions, the same is not true for the superconformal one which acquires a multitude
of new generators [7], which complicates enormously this gauge-fixing procedure. In fact, even
though the complete off-shell structure of ten-dimensional conformal supergravity was obtained
long ago in [8], a satisfactory off-shell Poincare´ version is still lacking (see [9, 10]).
In ref. [10] it was proposed a linearized off-shell 10-dimensional supergravity adding to the
conformal supergravity multiplet a set of 2 full-fledged chiral scalar superfields. However this is
in all likelihood a reducible version since each chiral scalar superfield contains 3 irreducible pieces
[11]. Furthermore, the tensorial structure and transformation rules of the component fields was
not provided, even at the linearized level.
A second more promising approach is the irreducible superfield method, which has been
successfully used in the N = 1 [12] and N = 2 [13] cases. In working with superfields [15]
one is automatically assured that the numbers of fermionic and bosonic degrees of freedom will
match, but general superfields are usually objects too large to handle, containing many more
fields that one is interested in, especially in higher dimensions (though some interesting four-
dimensional results have been obtained using unconstrained superfields in the so called harmonic
superspace approach [14]). That is why the importance of irreducible superfields, which are much
simpler objects satisfying additional supersymmetric constraints. These subsidiary conditions are
usually differential equations involving the superspace covariant derivatives, and can be obtained
by applying appropriate projection operators for the corresponding eigenvalues of the Casimirs
[12]. The Casimir operators for the super-Poincare´ algebras in all dimensions are known and
they have been used to decompose the 11-dimensional [16] and 10-dimensional massive scalar
superfields. In the 10-dimensional case, there is an additional interesting complication, namely
that the lowest (quadratic) Casimir operator C2 does not distinguish between the 3 irreducible
1
pieces since it has the same eigenvalue for the corresponding representation [11]. Therefore
one would have to construct projection operators using the second lowest (quartic) Casimir
operator C4, which does distinguish among those representations, but the resulting differential
equations are so complicated as to render the method impractical. However, this difficulty
was circumvented by resorting to the Cartan subalgebra in order to obtain simple differential
equations which were used to characterize the irreducible pieces of the massless and massive
10-dimensional scalar superfield in [17] and [18] respectively. The irreducible superfields were
then obtained as expansions in Grassmann-Hermite polynomials, but the field components in
these non-covariant expressions remained to be sorted out, though in principle it can be done.
In all this one final basic stumbling block remains though: while it is known from group
theory methods what are the fields contained in scalar superfield [19], it is not known in what
form they appear. In other words, while it is trivial to write the scalar superfield in multispinor
language:
Φ(x, θ) =
16∑
j=0
χα1...αj (x)θ
α1 . . . θαj , (1.1)
it is a rather different proposition to extract the irreducible fields with their tensor (non-spinor)
indices out of the χα1...αj (x) fields. The latter is equivalent to decompose into irreducible pieces all
the possible powers of the anticommuting variable θα, and that is what we will do in this paper.
The irreducible SO(10) representations contained in the corresponding powers of θ are reproduced
in Table 1. The list is for increasing powers of one of the basic spinorial representations [1
2
1
2
1
2
1
2
1
2
]
corresponding to the positive chirality projection θ(+). For the negative chirality case θ(−) one
just needs to read Table 1 upside down. In either case the representations corresponding to the
fields χα1...αj (x) are the same but with opposite chirality and duality when they apply. In other
words, the representations for the fields accompanying a certain power of θ(+) are given by the
same power of θ(−) and viceversa.
2
j θα1 . . . θαj Dimension
0 [0] 1
1 [1
2
1
2
1
2
1
2
1
2
] 16
2 [1 1 1] 120
3 [3
2
3
2
1
2
1
2
−1
2
] 560
4 [2 2]⊕ [2 1 1 1− 1] 770 + 1050
5 [5
2
3
2
1
2
1
2
−1
2
]⊕ [3
2
3
2
3
2
3
2
−3
2
] 3696 + 672
6 [3 1 1]⊕ [2 2 1 1− 1] 4312 + 3696
7 [7
2
1
2
1
2
1
2
1
2
]⊕ [5
2
3
2
3
2
1
2
−1
2
] 2640 + 8800
8 [4]⊕ [3 1 1 1]⊕ [2 2 2] 660 + 8085 + 4125
9 [7
2
1
2
1
2
1
2
−1
2
]⊕ [5
2
3
2
3
2
1
2
1
2
] 2640 + 8800
10 [3 1 1]⊕ [2 2 1 1 1] 4312 + 3696
11 [5
2
3
2
1
2
1
2
1
2
]⊕ [3
2
3
2
3
2
3
2
3
2
] 3696 + 672
12 [2 2]⊕ [2 1 1 1 1] 770 + 1050
13 [3
2
3
2
1
2
1
2
1
2
] 560
14 [1 1 1] 120
15 [1
2
1
2
1
2
1
2
− 1
2
] 16
16 [0] 1
Table 1: Decomposition of the totally antisymmetrized Kronecker (wedge) powers of the basic
spinor representation of SO(10), as given by their highest weights.
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II Fierz Identity
The 10-dimensional Fierz identity for strictly anticommuting θ’s can be put in a very simple
form
θ¯(±)O1θ
(±)θ¯(±)O2θ
(±) =
1
96
θ¯(±)O1Π
(±)ΓB1B2B3O2θ
(±)θ¯(±)ΓB1B2B3θ
(±) (2.1)
where Π(±) = 1
2
(I±Γ(11)) are the Weyl projection operators (see Appendix A for our conventions).
Then one obtains immediately the vanishing of the triple contraction:
θ¯(±)ΓB1B2B3θ
(±)θ¯(±)ΓB1B2B3θ(±) = 0 (2.2)
since, in 10 dimensions, ΓB1B2B3Γ
C1C2C3ΓB1B2B3 = −48ΓC1C2C3 . Likewise, using the properties of
the Dirac algebra, it is relatively simple to show that the following double contraction vanishes:
θ¯(±)ΓAB1B2θ
(±)θ¯(±)ΓB1B2Cθ(±) = θ¯(±)ΓAΓB1B2θ
(±)θ¯(±)ΓB1B2ΓCθ(±) = 0. (2.3)
For the single trace we get a non-trivial result:
θ¯(±)ΓA1A2ΓBθ
(±)θ¯(±)ΓC1C2ΓBθ(±) = 2θ¯(±)ΓB[A1
[C1θ(±)θ¯(±)ΓA2]
C2]Bθ(±). (2.4)
In particular, (2.4) implies the vanishing of the antisymmetric combination:
θ¯(±)Γ[A1A2Γ
Bθ(±)θ¯(±)ΓC1C2]ΓBθ
(±) = 0. (2.5)
In fact, (2.4) implies the more powerful and useful result
θ¯(±)Γ[A1A2Γ
Bθ(±)θ¯(±)ΓA3]
C
Bθ
(±) = 0. (2.6)
Therefore we conclude that θ¯(±)ΓA1A2ΓBθ
(±)θ¯(±)ΓC1C2ΓBθ(±) is a traceless tensor which contains
no antisymmetric parts of more than 2 indices, and must therefore correspond to the represen-
tation
or [2 2].
Finally we are ready to tackle the uncontracted product, and we obtain:
9
8
θ¯(±)ΓA1A2A3θ(±)θ¯(±)ΓC1C2C3θ(±) =
∓
1
32
ǫA1A2A3D1D2D3D4D5[C1C2 θ¯(±)ΓC3]D1D2θ
(±)θ¯(±)ΓD3D4D5θ
(±)
−
9
8
θ¯(±)Γ[A1A2
[C1
θ(±)θ¯(±)ΓA3]
C2C3]
θ(±)
+
9
4
η[A1
[C1
θ¯(±)ΓA2A3]Dθ
(±)θ¯(±)ΓD
C2C3]
θ(±) (2.7)
where one has to make use of the Dirac algebra and in particular
4
ΓA1...A7 =
1
3!
ǫA1...A7B1B2B3Γ(11)ΓB1B2B3 . (2.8)
Before we can make sense of Eq. (2.7), let us note that if we call:
X(±)C;D1...D5 = θ¯(±)ΓC[D1D2θ(±)θ¯(±)ΓD3D4D5]θ (2.9)
we get
X
(±)
[C1;C2C3]
A1A2A3 =
1
10
(θ¯(±)ΓA1A2A3θ(±)θ¯(±)ΓC1C2C3θ
(±) − 3θ¯(±)Γ[A1A2 [C1θ
(±)θ¯(±)ΓA3]C2C3]θ
(±)). (2.10)
X(±) is clearly traceless by virtue of (2.5) and trivially satisfies
X(±)[A;B1...B5] = 0. (2.11)
And, since X(±) has five totally antisymmetric indices, it is a good candidate for the other
irreducible piece of the θ4 sector. This will be confirmed shortly. Then we can rewrite (2.7) as
θ¯(±)ΓA1A2A3θ(±)θ¯(±)ΓC1C2C3θ(±) =
∓
1
48
ǫA1A2A3D1D2D3D4D5[C1C2 θ¯(±)C3]D1D2θ
(±)θ¯(±)ΓD3D4D5θ
(±) +
+
5
2
X(±)[A1;A2A3]C1C2C3
+
3
2
θ¯(±)ΓB
[A2A3θ(±)ηA1][C1 θ¯(±)ΓC2C3]Bθ(±). (2.12)
This equation implies the (anti-) self-duality of X(±)A;B1...B5 :
X(±)A;B1...B5 = ∓
1
5!
ǫB1...B5D1...D5X(±)A;D1...D5
X(±)A;B1...B5 = ±
1
5!
ǫB1...B5D1...D5X
(±)A;D1...D5 (2.13)
thus confirming that it is the missing irreducible piece from the θ4 sector.
Therefore, the basic identity (2.12) gives the decomposition of the general θ4 tensor in ir-
reducible pieces. It is the basic identity from which all the higher order decompositions must
necessarily follow by appropriate iterative use of it.
In the remainder of the paper we are going to concentrate only on the positive chirality case
θ(+). To obtain the corresponding results for θ(−) one just has to remember that all the chirality
and duality properties are reversed.
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III θ6 Decompositions
In order to simplify notation let us call
MABC = θ¯(+)ΓABCθ(+). (3.1)
Also in the remainder of the paper we are going to use the following letter convention: un-
contracted indices labeled by the same letter with different subindex are understood to be an-
tisymmetrized except if the letter involved is S or X in which case they are understood to be
symmetrized. For instance:
FCA1A2A3GA4A5D ≡ FC[A1A2A3GA4A5]D
NCDS1S2X1P
S3AB
X2 ≡ N
CD(S1S2
(X1P
S3)AB
X2) (3.2)
where the square and round brackets are the by now standard notations denoting normalized total
antisymmetrization and symmetrization respectively. This notation will dramatically reduce the
need for brackets which would make some formulae otherwise practically impossible to write.
Then, Eq. (2.12) becomes:
MA1A2A3MB1B2B3 =
5
2
(
MA1[A2A3MB1B2B3] −
1
5!
ǫA1A2A3B1B2D1...D5MB3D1D2MD3D4D5
)
+
3
2
ηA1B1MA2A3DM
B2B3D. (3.3)
Eq. (3.3) is equivalent to the following two statements:
MCA1A2MA3A4A5 = −
1
5!
ǫA1...A5B1...B5MCB1B2MB3B4B5 (3.4)
MA1A2A3MB1B2B3 = 5MA1[A2A3MB1B2B3] +
3
2
ηA1B1MA2A3DM
B2B3D. (3.5)
Eqs. (3.3) or (3.5) clearly give the decomposition of MA1A2A3MB1B2B3 into its irreducible parts,
the anti-selfdual [2111− 1] piece:
MA;B1...B54 = M
AB1B2MB3B4B5 (3.6)
and the [22] piece:
MA1A2;B1B24 =M
A1A2
EM
B1B2E . (3.7)
From their definitions and the results of this and the previous section, we get the following
properties:
M[A;B1...B5]4 = 0 M4 E
;EB1...B4 = 0
MA;B1...B54 = −
1
5!
ǫB1...B5D1...D5M4
A;
D1...D5 (3.8)
6
and
MA1A2;B1B24 =M
B1B2;A1A2
4 M4 E
A;EB = 0
MA[B;CD]4 = 0. (3.9)
In order to decompose the next productMA1A2A3MB1B2B3MC1C2C3 one can proceed to iterate
(3.3) for the different binary products. After several iterations and a lot of algebra it is possible
to obtain the following decomposition:
MA1A2A3MB1B2B3MC1C2C3 =
S(A,B,C)
{
18ηB1C1M [A1A2A3MB2C2]DM
B3C3D +
18
5
ηA1C1ηB1C2MC3DEM
A2A3DMB2B3E
−
9
5
ηB1C1ηB2C2MC3DEM
B3DA1MA2A3E
}
+
1
20
ǫB1B2B3A1A2C1C2D1D2D3MA3E1D1MD2D3
E2ME1E2
C3 (3.10)
where S(A,B,C) is the normalized operator that fully symmetrizes on the letters A,B,C. The
last term in (3.10) is automatically symmetric upon interchange of these three letters, as can be
easily proven by using the fact that a complete antisymmetrization of 11 indices must necessarily
vanish.
In deriving (3.10) one has to make use of many identities (see Appendix A) which are also
consequences of (3.3), specially
MADEM
BEFMCF
D = 0 (3.11)
which follows almost immediately from (2.6) and (2.3). Eq. (3.11) means that all triple contrac-
tions of M3 vanish, as it should be since there are no objects with 3 indices in the θ6 sector.
The amount of effort required to obtain (3.10) by iteration of (3.3) makes it clear that an
alternative way is needed if one hopes to decompose all the higher order products. Nevertheless
it illustrates the fact that all the necessary product decompositions are direct consequences of
the Fierz identity (2.12).
There is a much simpler way to obtain the decomposition (3.10), by systematically removing
traces (since the irreducible pieces are traceless) and using the appropriate Young projectors on
the traceless parts. This is possible because we already know beforehand what are the irreducible
representations involved (see Table 1).
Let us begin by removing all the traces from the object:
MA1A2A3MD
B1B2MDC1C2 = Traceless (MA1A2A3MD
B1B2MDC1C2)
+
2
5
(2ηA1B1MEA2A3MDE
B2MDC1C2 + 2ηA1C1MEA2A3MDB1B2MDE
C2
+ηB1C1MEA2A3MDE
B2MDC2A1) (3.12)
Next we decompose Traceless (MA1A2A3MD
B1B2MDC1C2) using the Young projectors correspond-
ing to the representation (see Table 1) whose construction is detailed in Appendix C:
7
Traceless (MA1A2A3MD
B1B2MDC1C2) =
= Y



MA1A2A3MB1B2DMC1C2D
=
2
3
(M [A1A2A3MB1B2]DM
C1C2D +M [A1A2A3MC1C2]DM
B1B2D
+2M [A1A2A3MB1C1]DM
B2C2D). (3.13)
Now we do the same for the uncontracted product MA1A2A3MB1B2B3MC1C2C3 , first remove
the traces:
MA1A2A3MB1B2B3MC1C2C3 = Traceless (MA1A2A3MB1B2B3MC1C2C3)
+
9
5
S(A,B,C)
{
ηA1B1
[
3
2
MD
A2A3MDB2B3MC1C2C3 −MD
A2A3MC1B2B3MDC2C3
+2MD
A2A3MC1C2B2MDB3C3 + 2MD
A2B2MDC1C2MA3B3C3
]}
. (3.14)
Using some of the identities in Appendix A and the decomposition (3.12)-(3.13) we get
MA1A2A3MB1B2B3MC1C2C3 = Traceless (MA1A2A3MB1B2B3MC1C2C3)
+9S(A,B,C)
{
2ηA1B1M [C1C2C3MA2B2]DM
A3B3D +
2
5
ηA1B1ηC1B2MB3DEM
A2A3DMC2C3E
−
1
5
ηA1B1ηA2B2MB3DEM
C1C2DMB3C3E
}
. (3.15)
To obtain the traceless part in (3.15), we apply the Young projector corresponding to the repre-
sentation (≡ for SO(10))
Traceless (MA1A2A3MB1B2B3MC1C2C3) =
= Y



MA1A2A3MB1B2B3MC1C2C3
= 21MB1[B2B3MA1A2A3MC2C3]C1
= −
1
20
ǫA1A2A3B1B2C1C2E1E2E3MFDB3MDE1E2ME3F
C3 (3.16)
where the last equality follows from the anti-selfduality of MA[B1B2MB3B4B5] by rotating indices,
and explicitly displays the aforementioned equivalence of SO(10) representations.
Eq. (3.16) together with (3.15) reproduces for us the decomposition (3.10). We will delay
the study of the irreducible pieces of the θ6 sector until the next section.
8
IV Irreducible Bosonic Structures
The difficulty in proceeding along the lines of the previous section is that one needs to know
beforehand what are the irreducible pieces of the higher θ powers in order to decompose the
products into irreducible pieces. That is why we are now going to proceed backwards, starting
from the scalar corresponding to θ16 and come down from there.
To construct the above scalar we first notice that it is easy to identify the totally symmetric
tensor of θ8 sector corresponding to the representation [4]:
MABCD8 =M
A
E
FMBF
GMCG
HMDH
E . (4.1)
It is obviously traceless (see (3.11)and cyclically symmetric:
MABCD8 =M
DABC
8 (4.2)
and the antisymmetrization of any two neighboring indices vanishes
M[AB]CD8 = M
[A
EFM
B]FGMCG
HMDH
E
= −
1
2
MBAFME
FGMCGHM
DHE
=
1
4
MBAFMHE
GMCG
FMDHE = 0 (4.3)
where we have twice made use of (2.6) and then (2.3). Thus
MABCD8 =M
BACD
8 . (4.4)
Properties (4.2) and (4.4) imply thatMABCD8 is completely symmetric in all four indices.
θ16.
The scalar we are looking for is the square of (4.1)
M16 = M
S1S2S3S4
8 M8 S1S2S3S4
= MS1E1E2M
S2E2F1MS3F1F2M
S4F2E1MS1
G1G2MS2G2H1MS3
H1H2MS4H2G1 (4.5)
where all the M-factors are equivalent.
θ14.
Since all the factors in (4.5) are equivalent, there is only one possible expression to be obtained
by removing any one of them and that must be our irreducible piece:
MABC = MS1E1E2M
S2E2F1MS3F1F2M
AF2E1MS1
BGMS2GHMS3
HC
= MS1S2S3A8 MS1
BGMS2GHMS3
HC (4.6)
9
which is obviously antisymmetric in B,C:
MABC = −MACB (4.7)
but must be totally antisymmetric because it must belong to ≡ [1 1 1] . In order to prove
this, we first put it in a more appealing form using the symmetry of the part as well as
(2.6):
MABC = MAS1D1MS2D1D2M
ED2F1MBF1F2MS1
F2G1MS2G1G2M
C
E
G2 . (4.8)
Then, reordering factors and using (2.6) once more we obtain
MABC = MBS1D1MS2D1D2M
ED2F1MCF1F2MS1
F2G1MS2G1G2M
A
E
G2
= MBCA. (4.9)
Properties (4.7) and (4.9) imply that MABC is completely antisymmetric in all 3 indices.
From (4.6) and (4.5) we note that
MA1A2A3MA1A2A3 = −M16 (4.10)
and therefore we have the product decomposition
MA1A2A3MB1B2B3 = −
1
120
ηA1B1ηA2B2ηA3B3M16. (4.11)
θ12.
Not all the factors in (4.6) are equivalent, so now we get two possible structures by removing
one factor fromMABC . One is:
Mˆ12
AB,CD =MAS1D1M
S2D1D2MCD2EM
DEF1MS1F1F2MS2
F2B (4.12)
which is clearly traceless and, by virtue of (2.6), (2.3), has the symmetry properties:
Mˆ12
AB,CD = Mˆ12
BA,CD = Mˆ12
AB,DC = Mˆ12
BA,DC . (4.13)
By using (2.6) in a different way we can also derive
Mˆ12
AB,CD + Mˆ12
AC,DB + MˆCB,AD12 = 0 (4.14)
Mˆ12
AB,CD + Mˆ12
DB,AC + MˆAD,CB12 = 0. (4.15)
Combining (4.14) with (4.13) we get
Mˆ12
A[B,C]D + Mˆ12
D[B,C]A = 0 (4.16)
while combining (4.14) and (4.15),
10
Mˆ12
AB,CD = Mˆ12
CD,AB. (4.17)
Once we have obtained (4.17) we see that (4.14) and (4.15) simply mean:
Mˆ12
A(B,CD) = 0. (4.18)
Eq. (4.16) tells us that antisymmetrizing on two indices on opposite sides of the comma
automatically makes the other pair also antisymmetric. Thus we recognize the object that
displays the symmetry of the Young pattern :
M12
A1A2;B1B2 = Mˆ12
A1B1,B2A2 = Mˆ12
A1B1,A2B2 . (4.19)
However it is interesting to note for reference, the more interesting properties of the Mˆ12 tensor.
From the definition (4.19) it is clear that MˆA1A2,B1B212 is traceless and that it satisfies:
M12
A[B;CD] = 0. (4.20)
Thus it has the same properties as the tensor M12A1A2;B1B2 except for nilpotency.
Even though Mˆ12 and M12 have apparently different symmetry properties they both have
the same number of degrees of freedom, 770, i.e. the dimension of the irrep. [22] of SO(10), and
they both can be expressed in terms of the other. The inverse of (4.19) is
Mˆ12
AB,CD =
2
3
(M12
AD;BC +M12
BD;AC) (4.21)
as can be easily seen by using (4.18).
From (4.8) and (4.12) we see that
MˆAE,BF12 M
C
FE =M12
AB;EFMCFE =M
ABC (4.22)
and then we have for the decomposition of the single contraction:
Mˆ12
S1S2,XEMA1A2E =
1
7
(
3δS1A1M
S2X
A2 −
1
3
ηXS1MS2A1A2 +
1
3
ηS1S2MXA2A1
)
. (4.23)
Eq. (4.23) is easily obtained since it must have that general form and the coefficients are given
by the traces of the left-hand side, either zero or (4.22). For the other object we have
M12
B1B2;CEME
A1A2 =
1
14
(3ηA1CMA2B1B2 − 3ηA1B1MA2B2C + ηCB1MB2A1A2). (4.24)
Using (4.23) and following the same procedure one derives for the full product
Mˆ12
S1S2,X1X2MA1A2A3 =
3
11× 7
[
8ηS1A1ηX1A2MS2X2A3
−ηS1X1ηS2A1MX2A2A3 − ηS1X1ηX2A1MS2A2A3
+ηX1X2ηS1A1MS2A2A3 + ηS1S2ηX1A1MX2A2A3
−
1
9
(
ηX1X2ηS1S2 − ηX1S1ηX2S2
)
MA1A2A3
]
(4.25)
11
and
M12
B1B2;C1C2MA1A2A3 = −
6
11× 7
(
ηA1B1ηA2B2MA2C1C2 + 2ηA1B1ηA2C2MA3B2C2
+ ηA1C1ηA2C2MA3B1B2 −
3
4
ηB1C1ηC2A1MA2A3B2
−
3
4
ηB1C1ηB2A1MA2A3C2 +
1
12
ηB1C1ηB2C3MA1A2A3
)
. (4.26)
If we remove a different factor fromMABC we extract the new structure
Mˆ12
XABY ;E1E2 = MXD1
D2MAD2
D3MFD3
D4MBD4
D5MY D5
D1MF
E1E2. (4.27)
It has the obvious property
MˆXABY ;C1C212 = −Mˆ
Y BAX;C1C2
12 (4.28)
and by applying (2.6) it is also easy to prove
MˆX[ABY ;C1C2]12 = Mˆ
[AXBY ;C1C2]
12 (4.29)
which in turn implies:
Mˆ[XABY ;C1C2]12 = 0. (4.30)
However, this object is not irreducible because it is not completely traceless, but rather has
two non-vanishing traces:
Mˆ12 E
ABY ;EC = −Mˆ12
AC,BY
Mˆ12
XAB
E
;EC = Mˆ12
BC,AX . (4.31)
In order to decompose it one removes the traces and applies the appropriate Young projector:
Mˆ12
XABY ;C1C2 = Traceless (Mˆ12
XABY ;C1C2)
+
1
9× 21
{
−46(ηXC1MˆAC2,BY12 − η
Y C1Mˆ12
BC3,AX)
−3(ηXBMˆ12
AC1,Y C2 − ηY AMˆ12
BC1,XC2)
−5(ηXC1Mˆ12
BC2,AY − ηY C1Mˆ12
AC1,BX + ηAC1Mˆ12
BC2,XY
−ηBC1Mˆ12
AC2,XY − ηAC1Mˆ12
SC2,BY + ηBC1Mˆ12
Y C1,AX)
+2(ηXAMˆBC1,Y C212 − η
Y BMˆ12
AC1,XC2
+4ηXY Mˆ12
AC1,BC2 − ηABMˆ12
XC1,Y X2)
}
, (4.32)
12
Traceless (Mˆ12
XABY ;C1C2) = Y



Mˆ12XABY ;C1C2
=
5
6
(Mˆ12
X[ABY ;C2C3] + Mˆ12
A[BYX;C1C2]
+Mˆ12
B[Y XA;C1C2] + Mˆ12
Y [XAB;C1C2]) (4.33)
From (4.33) it is apparent that the second irreducible structure is
MB;A1...A512 = Mˆ
BA1A2A3;A4A5
12
= MBD1
D2MFD2
D3MA1D3
D4MA2D4
D5MA3D5
D1MF
A4A5, (4.34)
whose tracelessness is confirmed by (3.11). Eq. (4.30) implies the property
M[B;A1...A5]12 = 0 (4.35)
and in Appendix A we prove the duality property
MB;A1...A512 =
1
5!
ǫA1...A5E1...E5MB;12 E1...E5 (4.36)
which is opposite to the one satisfied byM4B;A1...A5. The definitions (4.34), (4.6) give the result
for the triple contractions
MB;A1A2E1E2E312 ME1E2E3 = −
1
5
MBA1A2
ME1;E2E3A1A2A312 ME1E2E3 = −
1
5
MA1A2A3. (4.37)
and by simple detracing,
M12
B;A1A2A3E1E2MCE1E2 = −
1
70
(δBCM
A1A2A3 − ηBA1MA2A3C + 5δ
A1
C M
BA2A3)
ME1;E2A1...A112 MCE1E2 = −
4
35
δA1C M
A2A3A4 . (4.38)
From (4.38) and Young-projecting
M12
B;A1...A4EMC1C2E = Traceless (M12
B;A1...A4EMC1C2E)
+
2
3× 35
(δBC1M
A2A3A4 − 2δA1C1 δ
A2
C2
MBA3A4 − ηBA1δA2C1MC2
A3A4) (4.39)
13
Traceless (M12
B;A1...A4EMC1C2E) = Y



M12B;A1...A4EMC1C2E
= M12
[B;A1...A4
EM
C1C2]E =
1
5
M12
E;[BA1...A4MC1C2]
= −
4
5
1
7!
ǫBA1...A4C1C2E1E2E3ME1E2E3. (4.40)
Eqs. (4.39), (4.40) and (4.35) then give
ME;A1...A512 M
C1C2
E = −
2
21
(
1
5!
ǫA1...A5C1C2E1E2E3ME1E2E3 + η
A1C1ηA2C2MA3A4A5
)
. (4.41)
Finally for the full product
M12
B;A1...A5MC1C2C3 = −
2
7!
{ηBC1ǫA1...A5C2C3E1E2E3 − ηBA1ǫA2...A5C1C2C3E1E2E3
+ηC1A1ǫBA2...A5C2C3E1E2E3}ME1E2E3
−
1
35
[
ηBC1ηA1C2ηA2C3MA3A4A5 + ηA1C1ηA2C2ηA3C3MBA4A5
− ηBA1ηA2C1ηA3C2MA4A5C3
]
. (4.42)
θ10.
The first structure we encounter by removing a factor from Mˆ12AB,CD is
Mˆ10
S1S2S3;A1A2 =MS1S2S3E8 M
A1A2
E (4.43)
whose symmetry properties are manifest. Its tracelessness follows from these symmetries and
from the tracelessness ofM8S1S2S3S4. The object in (4.43) also satisfies
Mˆ10
(S1S2S3;A)B = 0, (4.44)
and its product decompositions can be derived as before and we just list them:
Mˆ10
EDA;BFMCEF = −Mˆ12
AD,BC
Mˆ10
ABD;EFMCEF = Mˆ10
EFA;BDMCEF = 0
Mˆ10
S1S2S3;AEMB1B2E =
4
7
ηS1B1Mˆ12
S2S3,AB2 −
2
21
ηS1S2Mˆ12
S3B1,AB2
14
Mˆ10
S1S2E;A1A2MB1B2E = −
10
3
M12
S1;S2A1A2B1B2
+
2
63
[
10
3
(ηS1B1Mˆ12
A1B2,A2S2 + ηS1A1Mˆ12
A2B1,B2S2)
+ 17ηA1B1Mˆ12
S1S2,A2B2 +
2
3
ηS1S2Mˆ12
A1B1,A2B2
]
Mˆ10
S1S2S3;A1A2MB1B2B3 = −
15
11
{
18
7
ηS1B1M12
S2;S3A1A2B2B3 − ηS1S2M12
B1;S3A1A2B2B3
}
+
4
7
(ηS1A1M12
S2;S3A2B1B2B3 − ηS1S2M12
A1;S3A2B1B2B3)
+
2
35
[
2ηS1B1ηS2A1Mˆ12
A2B2,B3S3 + 9ηS1B1ηB2A1Mˆ12
S2S3,A2B3
]
−
1
21
[
2ηS1S2ηA1B1Mˆ12
A2B2,B3S3 −
1
5
ηS1S2ηS3B1Mˆ12
A1B2,A2B3
]
.
(4.45)
However, the symmetry properties of the tensor Mˆ10S1S2S3;A1A2 are not the ones of the Young
pattern as it is conventionally understood, but it is easy to construct a new tensor which
corresponds to :
M10
S1S2;A1A2A3 = Mˆ10
S1S2[A1;A2A3]. (4.46)
But, just like we had in the θ12 case, both of these objects are equivalent, both are irreducible
and carry the same number of degrees of freedom (4312) and they can be expressed in terms of
each other. The inverse of (4.46) is:
Mˆ10
S1S2B;A1A2 =
3
5
(M10
S1S2;BA1A2 + 2M10
S1B;S2A1A2). (4.47)
From the definition (4.46) we get the property
M10
S[B;A1A2A3] = 0. (4.48)
The new products are immediately obtained from (4.45):
M10
SE1;A1A2E2MCE1E2 = −
2
3
M12
A1A2;SC
M10
S1S2;AE1E2MBE1E2 =
2
3
Mˆ12
S1S2,AB =
8
9
MS1B;S2A12
M10
E1E2;A1A2A3MBE1E2 = 0
15
M10
SE;A1A2A3MB1B2E = −
10
9
(M12
S;B1B2A1A2A3 +MB1;B2SA1A2A312 )
+
2
27
(8ηA1B1M12
A2A3;B2S + ηSA1M12
A2A3;B1B2)
M10
S1S2;A1A2EMB1B2E = −
10
9
M12
S1;S2A1A2B1B2
+
4
7× 81
{58ηA1B1MS1B2;S2A212 + 31η
S1B1M12
A1A2;S2B2
+ 11ηS1A1MA2S2;B1B212 − 2η
S1S2MA1A2;B1B212 }
M10
S1S2;A1A2A3MB1B2B3 = MˆS1S2[A1;A2A3]10 M
B1B2B3
= −
15
11
{
6
7
(ηS1B1MS2;A1A2A3B2B312 + η
S1B1MA1;S2A2A3B2B312 + η
A1B1MS1;S2A2A3B2B312 )
−
26
63
ηS1A1MS2;A2A3B1B2B312 −
8
63
ηS1A1MA2;S2A3B1B2B312 −
1
7
ηS1S2MA1;A2A3B1B2B312
}
+
2
45
ηS1A1ηS2B1MA2A3;B2B312 −
32
21× 15
ηS1A1ηA2B1MB2B3;A3S212
+
12
35
ηS1B1ηA1B2MA2A3;B3S212 +
8
35
ηA1B1ηA2B2MS1A3;S2B312
−
1
35
ηS1S2ηA1B1MA2A3;B2B312 (4.49)
The second irreducible piece has 7 indices; we can extract a seven-index object by removing one
of the factors from MˆXABY ;C1C212 to obtain the structure
MˆXY Z;A1A2B1B210 =M
XED1MY D1D2M
ZD2FMA1A2EMF
B1B2 . (4.50)
It is clear that
Mˆ
[XY Z;A1A2]B1B2
10 = 0 Mˆ
XY [Z ;A1A2B1B2]
10 = 0
MˆXY Z;A1A2B1B210 = −Mˆ
ZYX;B1B2A1A2
10 (4.51)
aside from the obvious antisymmetry in A1, A2 and B1, B2.
The object in (4.50) is not irreducible because it is not traceless. Its only non-vanishing traces
are
Mˆ10 E
Y Z;A1A2 EB = −MˆY ZB;A1A210
MˆXY10 E
;EAB1B2 = MˆY XA;B1B210
MˆXY Z;10 E
AEB = −N Y XZBA
16
N Y XZBA =:MXD1D2M
Y D2
D3M
ZD3
D4M
BD4
D5M
AD5
D1 (4.52)
For NXY ZBA we have
NXY ZBA = NAXY ZB
NXY ZBA = −NABZYX (4.53)
as well as, by using (2.6) in the last two factors,
NXY ZAB = NXY ZBA + MˆXY Z;BA10 (4.54)
Iterating (4.54) and using (4.44) one can derive the decomposition
NXY ZAB = −
1
2
MˆZAB;XY10 − Mˆ
BA(X;Y )Z
10 +
1
2
MˆXY Z;BA10 (4.55)
and therefore
N [XY ]ZAB = −
1
2
MˆZAB;XY10
N [X
Y Z]AB = −MˆAB[X;Z]Y10 −
1
2
MˆABY ;XZ10 (4.56)
expressions that will be needed later.
In order to obtain the second irreducible piece of this θ10 sector we can just project (4.50)
according to the pattern . One obtains the structure
MCD;A1...A510 = Mˆ
CA1D;A2...A5
10
= MCEG1MA1G1G2M
DG2FMA2A3EMF
A4A5 , (4.57)
which is completely antisymmetric in A1, ..., A5 (we remind the reader of our letter convention)
and by virtue of (4.51) it is also antisymmetric in C,D:
MCD;A1...A510 = −M
DC;A1...A5
10 (4.58)
Its tracelessness is immediate from (3.11), (2.6), (2.3) and (4.3), and it also satisfies
MC[D;A1...A5]10 = 0 M
[C1C2;B1...B4]A
10 = 0 (4.59)
and it is self-dual:
MC1C2;B1...B510 =
1
5!
ǫB1...B5D1...D5M10
C1C2;
D1...D5 (4.60)
The list of decompositions is:
MA1A2;B1B2E1E2E310 ME1E2E3 =
2
5
M12
A1A2;B1B2
17
ME1A;B1B2B3E2E310 ME1E2E3 = 0 M
E1E2;B1...B4E3
10 ME1E2E3 = 0
M
E1A;B1...B4E2
10 M
C
E1E2 =M
[C;A]B1...B4
12 M
E1E2;B1...B5
10 M
C
E1E2 = 2M
C;B1...B5
12
MA1A2;B1B2B3E1E210 M
C
E1E2 =
M[C;A1A2]B1B2B312 +
2
45
ηA1B1MA2C;B2B312 +
7
45
ηCB1MA1A2;B2B312
MA1A2;B1...B4E10 M
C1C2
E =
1
11
[
5
2
ηA1C1
(
MA2;C2B1...B412 −M
C2;A2B1...B4
12
)
+
2
3
ηA1B1
(
7MC1;C2A2B2B3B412 + 5M
A2;C1C2B2B3B4
12
)
+2ηB1C1
(
5MA1;A2C2B2B3B412 + 2M
C2;A1A2B2B3B4
12
)]
+
1
9× 25
(
ηA1B1ηA2B2MB3B4;C1C212 + 21η
B1C1ηB2C2MA1A2;B3B412 − 14η
A1B1ηC1B2MA2C2;B3B412
)
MEA;B1...B510 M
C1C2
E =
5
11
[
ηAC1MC2;B1...B512 +
3
2
ηAB1MC1;C2B2...B512
+
3
2
ηB1C1MC2;AB2...B512 −
5
2
ηB1C1MA;C2B2...B512
]
MA1A2;B1...B510 M
C1C2C3 =
−
1
6!
(
1
10
ǫB1...B5A1A2C3E1E2MC1C2;12 E1E2 +
1
2
ǫB1...B5C1C2C3E1E2MA1A2;12 E1E2
−
3
5
ǫB1...B5A2C2C3E1E2MA1C1;12 E1E2
)
+
1
11
[2ηA1C1ηA2C2MC3;B1...B512 + 5η
A1B1ηA2B2MC1;C2C3B3B4B512
−
15
2
ηA1B1ηA2C1MC2;C3B2...B512 − 15η
B1A1ηB2C1
(
MA2;C2C3B3B4B512 +M
C2;C3A2B3B4B5
12
)
+5ηB1C1ηB2C1
(
3MA1;A2C3B3B4B512 +M
C3;A1A2B3B4B5
12
)
+
5
4
ηC1A1ηC2B1
(
5MC3;A2B2...B512 − 9M
A2;C3B2...B5
12
)
]
+
1
12
ηB1C1ηB2C2ηB3C3MA1A2;B4B512 +
1
10
ηB1A1ηB2C1ηB3C2MA2C3;B4B512
+
1
60
ηB1A1ηB2A2ηB3C1MC2C3;B4B512 (4.61)
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θ8.
At the beginning of this section we introduced one of the irreducible parts of the θ8 sector,
namely the totally symmetric tensor in (4.1):
MS1S2S3S48 =M
S1
E
FMS2F
GMS3G
HMS4H
E. (4.62)
Its products with MA1A2A3 are particularly easy to decompose using (4.43):
MS1S2S3E8 M
A1A2
E = Mˆ
S1S2S3;A1A2
10
MS1S2S3S48 M
A1A2A3 =
7
6
ηS1A1MˆS2S3S4;A2A310 −
1
4
ηS1S2MˆS3S4A1;A2A310
=
21
10
ηS1A1MS2S3;S4A2A310 −
1
4
ηS1S2MS3S4;A1A2A310 (4.63)
This sector contains two additional irreducible pieces (see Table 1). In order to isolate them,
first we remove one factor from MˆS1S2S3;A1A210 to get the structure
MˆXY A1A2B1B28 =M
XEDMY D
FMA1A2EM
B1B2
F (4.64)
with the following properties
MˆXY A1A2 B1B28 = Mˆ
Y X B1B2A1A2
8
Mˆ[X
Y A1A2]B1B2
8 = 0 Mˆ
X[Y A1A2 B1B2]
8 = 0 (4.65)
It is reducible,
MˆXY EA8 E
B = −MXY AB8 (4.66)
but easy to detrace:
MˆXY A1A2B1B28 = Traceless(Mˆ
XY A1A2B1B2
8 )−
1
2
ηA1B1MXYA2B28 (4.67)
The traceless part is going to contain 2 irreducible pieces corresponding to the patterns
and . First,
Y
( )
MˆXY A1A2B1B28 = Mˆ
XY [A1A2 B1B2]
8 + 2Mˆ
A1B1 [XA2 Y B2]
8 (4.68)
and thus the irreducible structure is
MXY ;B1B2B3B48 = Mˆ
XY B1B2B3B4
8 (4.69)
which is completely antisymmetric in B1, ..., B4 and, by (4.65), symmetric in X, Y :
MXY ;B1B2B3B48 =M
Y X;B1B2B3B4
8 (4.70)
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and satisfying
MX[Y ;B1B2B3B4]8 = 0. (4.71)
Second,
Y
( )
MˆXY A1A2 B1B28 = −
1
2
(
Mˆ[X
[A1B1B2]Y A2]
8 + Mˆ
[X[A1 Y A2]B1B2]
8
+ Mˆ
[A
[XB1A2]
1
Y B2]
8 + Mˆ
[X[A1B1A2]Y B2]
8
)
(4.72)
giving as the irreducible structure the object
MA1A2A3;B1B2B38 = Mˆ
A1B1B2B3 A2A3
8 (4.73)
Of course it is completely antisymmetric in the A and B indices separately and, from (4.65),
we see that it is symmetric upon interchange of both groups of indices
MA1A2A3;B1B2B38 =M
B1B2B3;A1A2A3
8 (4.74)
The remaining important property of this tensor can be derived from the definitions (4.73),
(4.64) by using once more the properties of the θ4 sector,
MA1A2[C;B1B2B3]8 = 0 (4.75)
that implies also
MA[B1B2;B3B4]C8 = 0 (4.76)
By using the properties in (4.72) we can write finally for the decomposition in (4.67):
MˆXY A1A2 B1B28 = M
XY ;A1A2B1B2
8 + 2M
A1B1;XA2Y B2
8
+
3
8
(
3MY A1A2;XB1B28 −M
XA1A2;Y B1B2
8
)
−
1
2
ηA1B1MXYA2B28 (4.77)
The lists of products decompositions for these irreducible pieces are
MA1A2;B1B2E1E2E310 ME1E2E3 =
2
5
M12
A1A2;B1B2
MS1S2;BE1E2E38 ME1E2E3 = 0 M
SE1;B1B2E2E3
8 ME1E2E3 = 0
MSE1;B1B2B3E28 M
C
E1E2 = −
1
2
MSC;B1B2B310 M
E1E2;B1...B4
8 M
C
E1E2 = 0
20
MS1S2;B1B2E1E28 M
C
E1E2 =
1
3
(
2MˆS1S2B1;B2C10 − Mˆ
S1S2C;B1B2
10
)
=
1
5
(
3MS1S2;B1B2C10 − Mˆ
CS1;S2B1B2
10
)
MS1S2;B1B2B3E8 M
C1C2
E =
10
9
MS1C1;S2C2B1B2B310
+
1
6
(
ηS1C1MˆS2C2B1;B2B310 + η
S1B1MˆS2C1B2;B3C210
)
+
1
4
ηB1C1
(
−
7
3
MˆS1S2B2;B3C210 + Mˆ
S1S2C2;B2B3
10
)
=
10
9
MS1C1;S2C2B1B2B310
+
1
6
ηS1C1MS2C2;B1B2B310 +
1
4
ηS1B1MS2C1;B2B3C210
+
1
20
ηB1C1
(
−11MS1S2;B2B3C210 + 13M
S1C2;S2B2B3
10
)
MSE;B1...B48 M
C1C2
E =
5
9
(
MC1C2;SB1...B410 + 5M
SC1;C2B1...B4
10
)
+
2
3
ηB1C1MSC2;B2B3B410
MS1S2;B1...B48 M
C1C2C3 = −
2
3 × 5!
ǫB1...B
[C1
4
C2C3E1E2E3M
S1]S2;
10 E1E2E3
+
4
21
[
ηS1C1
(
10MS2C2;C3B1...B410 + 2M
C2C3;S2B1...B4
10
)
−ηS1B1
(
6MS2C1;C2C3B2B3B410 +M
C1C2;S2C3B2B3B4
10
)
−8ηB1C1MS1C2;S2C3B2B3B410 − η
S1S2MC1C2;C3B1...B410
]
+
1
5
[
2ηS1C1ηB1C2MS2C3;B2B3B410 + 3η
S1B1ηC1B2MS2C2;C3B3B410
+3ηB1C1ηB2C2
(
MS1S2;C3B3B410 −M
S1C3;S2B3B4
10
)]
(4.78)
and
MA1A2A3;E1E2E38 ME1E2E3 = 0 M
A1A2E1;BE2E3
8 ME1E2E3 = 0
MA1A2A3;BE1E28 M
C
E1E2 =
2
3
MBC;A1A2A310 M
A1A2E1;B1B2E2
8 M
C
E1E2 = −
2
3
MCA1;A2B1B210
MA1A2E;B1B2B38 M
B4B5
E = −
2
3
MA1A2;B1...B510
21
MA1A2A3;B1B2E8 M
C1C2
E =
−
8
9
(
2
3
MB1B2;A1A2A3C1C210 +M
A1A2;A3B1B2C1C2
10 −
1
6
MC1C2;A1A2A3B1B210
)
1
15
[
7
3
ηB1C1MB2C2;A1A2A310 +
7
2
ηA1C1MC2A2;A3B1B210 −
3
2
ηA1B1MA2B2;A3C1C210
]
MA1A2A3;B1B2B38 M
C1C2C3 =
+
4
15
{
ηB3C3
(
−4MB1B2;A1A2A3C1C210 +M
C1C2;A1A2A3B1B2
10 − 6M
A1A2;A3B1B2C1C2
10
)
+ηA3C3
(
−4MA1A2;B1B2B3C1C210 +M
C1C2;B1B2B3A1A2
10 − 6M
B1B2;B3A1A2C1C2
10
)
+3ηA3B3
(
MA1A2;B1B2C1C2C310 +M
B1B2;A1A2C1C2C3
10 −M
C1C2;C3A1A2B1B2
10
)}
+
14
75
[ηB1C1ηB2C2MB3C3;A1A2A310 + η
A1C1ηA2C2MA3C3;B1B2B310
−
3
2
ηB1C1ηB2A1MB3A2;A3C2C310 −
3
2
ηA1C1ηA2B1MA3B2;B3C2C310
−3ηA1C1ηB1C2MC3A2;A3B2B310 +
1
7
ηA1B1ηA2B2MA3B3;C1C2C310 ] (4.79)
θ6.
In the decomposition (3.10) of the product of three MA1A2A3 we have two types of irreducible
structures:
MˆAB1B2 C1C26 =M
ADEMB1B2DM
C1C2
E (4.80)
and
MA1A2;B1...B56 =M
A1A2EME
B1B2MB3B4B5 (4.81)
The expression (4.80) trivially satisfies
MˆAB1B2 C1C26 = −Mˆ
AC1C2 B1B2
6 (4.82)
and (2.6) implies
Mˆ[AB1B2]C1C26 = 0 (4.83)
The tensor M[AB1B2]C1C26 must belong to the representation and in order to make the
corresponding Young symmetry obvious, we define the new tensor
MXY ;B1B2B36 = Mˆ
X Y B1B2B3
6 (4.84)
Both tensors are completely equivalent though, the inverse of (4.84) being
MˆAB1B2 C1C26 = 3M
AB1;B2C1C2
6 (4.85)
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It is easy to see thatMXY ;B1B2B36 must be symmetric in X, Y :
M[XY ];B1B2B36 = M
DE[XMY ]B1DM
B2B3
E =
−
1
2
MXY DM
DE[B1MB2B3]E = 0 (4.86)
where we have used (2.6) twice. Thus
MXY ;B1B2B36 =M
Y X;B1B2B3
6 (4.87)
The remaining important property of this tensor is
MX[Y ;B1B2B3]6 = 0 (4.88)
as we have come to expect and can be immediately seen from (4.84) and (4.80). This time we
have the following product decompositions:
MS1S2;E1E2E36 ME1E2E3 = 0 M
SE1;BE2E3
6 ME1E2E3 = 0
MSE1;B1B2E26 M
C
E1E2 = 0 M
S1S2;BE1E2
6 M
C
E1E2 = −
2
3
MS1S2BC8
MS1S2;B1B2E6 M
C1C2
E = −
4
3
MS1C1;S2C2B1B28 +
2
3
MS1S2;B1B2C1C28
−
1
2
MS1B1B2;S2C1C28 −
1
3
ηB1C1MS1S2B2C28
MSE;B1B2B36 M
C1C2
E =
4
3
MSC1;C2B1B2B38 −M
SC1C2;B1B2B3
8
MS1S2;B1B2B36 M
B4B5B6 =
1
2× 5!
ǫB1...B6E1...E4MS1S2;8 E1...E4
MS1S2;B1B2B36 M
C1C2C3 =
3
8× 5!
(
ǫB1B2B3C1C2C3E1...E4MS1S2;8 E1...E4 + 2ǫ
S1B1B2C1C2C3E1...E4MS2B3;8 E1...E4
)
+9ηB1C1
(
−
1
5
MS1C2;S2C3B2B38 +M
S1S2;B2B3C2C3
8
)
+
9
10
ηS1C1MS2C2;C3B1B2B38 +
1
2
ηS1B1MS2B2;B3C1C2C38
+
3
56
[
−9ηB1C1MS1B2B3;S2C2C38 − 12η
S1C1MS2C2C3;B1B2B38
+2ηS1B1MS2B2B3;C1C2C38 + η
S1S2MB1B2B3;C1C2C38
]
−
3
14
ηB1C1ηB2C2MS1S2B3C38 (4.89)
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Turning our attention to (4.81), we get the duality property
MA1A2;B1...B56 = −
1
5!
ǫB1...B5D1...D5M6
A1A2;
D1...D5 (4.90)
as a direct consequence of the one for MC;D1...D54 (eq. (3.8)). The following bracket property is
also immediate
MA[C;B1...B5]6 = 0 (4.91)
Finally, to complete this section we have the following list of decompositions:
MA1A2;B1B2E1E2E36 ME1E2E3 = 0 M
AE1;B1B2B3E2E3
6 ME1E2E3 = 0
ME1E2;E3B1...B46 ME1E2E3 = 0
ME1E2;B1...B56 M
C
E1E2 = 0
MAE1;B1...B4E26 M
C
E1E2 = −
3
5
MAC;B1...B48
MA1A2;B1B2B3E1E26 M
C
E1E2 =
1
5
(
4MCA1;A2B1B2B38 − 3M
CA1A2;B1B2B3
8
)
MB1B2;AB3B4B5E6 M
CB6
E =
1
20× 5!
ǫB1...B6E1...E4MCA;8 E1...E4
MAB1;B2...B5E6 M
CB6
E = −2M
B1B2;AB3B4B5E
6 M
CB6
E
MAE;B1...B56 M
C1C2
E =
6
5
(
1
5!
ǫB1...B5C1E1...E4MAC2;8 E1...E4 − η
B1C1MAC2;B2...B58
)
MA1A2;B1...B4E6 M
C1C2
E = −
3
5× 5!
ǫB1...B4A1C1E1...E4MA2C2;8 E1...E4
+
24
25
[
ηB1C1MC2A1;A2B2B3B48 −
1
4
ηA1C1MA2C2;B1...B48 −
1
3
ηA1B1MA2C1;C2B2B3B48
]
−
3
10
(
3ηB1C1MC2A1A2;B2B3B48 + η
A1B1MA2C1C2;B2B3B48
)
MC1C2;B1...B56 M
C3B6B7 =
2
7× 5!
ǫB1...B7E1E2E3MC1C2C3;8 E1E2E3
24
MA1A2;B1...B56 M
C1C2C3 =
=
1
32× 35
(ǫB1...B5A1A2E1E2E3MC1C2C3;8 E1E2E3 + 15ǫ
B1...B5C1C2E1E2E3MA1A2C3;8 E1E2E3
−12ǫB1...B5A1C1E1E2E3MA2C2C3;8 E1E2E3)
−
1
16 × 5
(
4
5
ηA1C1ǫB1...B5C2E1...E4MA2C3;8 E1...E4 + η
B1C1ǫB2...B5A1C2E1...E4MA2C3;8 E1...E4
−ηA1B1ǫB2...B5C1C2E1...E4MA2C3;8 E1...E4
)
+
6
5
(ηB1C1ηB2C2MC3A1;A2B3B4B58 +
3
4
ηA1C1ηB1C2MC3A2;B2...B58
+ηB1A1ηB2C1MA2C2;C3B3B4B58 )
−
3
7
(
15
4
ηB1C1ηB2C2MC3A1A2;B3B4B58 − 3η
B1A1ηB2C1MA2C2C3;B3B4B58
+
1
4
ηA1B1ηA2B2MB3B4B5;C1C2C38
)
(4.92)
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V θ3-Fierz Identity and Γ-tracelessness.
The basic Fierz identity does not need to have four θ’s but only three. Thus, (2.1) can be derived
from
θ(±)θ¯±)Oθ(±) =
1
96
Π(±)ΓB1B2B3Oθ(±)θ¯(±)ΓB1B2B3θ
(±) (5.1)
An immediate consequence of (5.1) is
ΓB1B2B3θ(±)θ¯(±)ΓB1B2B3θ
(±) = 0 (5.2)
and using (5.1) and (5.2) one easily obtains
ΓB1B2θ(±)θ¯(±)ΓB1B2Aθ
(±) = 0 (5.3)
Then one can finally Fierz the general uncontracted product to obtain
θ(±)θ¯(±)ΓA1A2A3θ
(±) =
1
2
ΓA1Γ
Bθ(±)θ¯(±)ΓA2A3Bθ
(±) (5.4)
after using (5.1-5.3) and the properties of the Dirac algebra. Eq. (5.4) gives us the decomposition
of the productMA1A2A3θ into irreducible pieces, and we see that the θ3 irreducible spinor-tensor
corresponding to
[
3
2
3
2
1
2
1
2
−1
2
]
is
ΘA1A23 = ΓEM
A1A2Eθ (5.5)
which is obviously traceless and by (5.3) also Γ-traceless. Thus, (5.4) means
MA1A2A3θ =
1
2
ΓA1ΘA2A33 (5.6)
Of course, this decomposition can be obtained easily by detracing and Young-projecting,
MA1A2A3θ = Traceless(MA1A2A3θ) + aΓ[A1ΓEM
A2A3]Eθ (5.7)
where “Traceless” now means both η- and Γ-traceless and there are no η terms on the r.h.s. be-
cause the l.h.s. is trivially η-traceless. But the Traceless term in (5.7) vanishes because there are
no irreducible objects with 3 tensor indices in the θ3 sector. The constant a is easily determined
by contracting (5.7) with ΓA1 , to get a =
1
2
and therefore reobtaining (5.6). The fermionic version
of the Young-projector mentioned in the previous paragraph is straightforward enough, but it
can become quite complicated for higher order decompositions. In order to simplify things, the
general way to proceed is as follows. First, we figure out the irreducible objects by contracting
as many indices as possible in the product MA1A2A3Θn so that the number of remaining tensor
indices are equal to the number of boxes of the corresponding Young-pattern, and then we apply
the Young-projector to the resulting object. Next, we decompose the Mn+1θ products in terms
of those irreducible pieces instead of decomposing MA1A2A3Θn since the former is much easier
than the latter in general. Finally, we may use the results of the bosonic decompositions to
obtain the decomposition ofMA1A2A3Θn, since every fermionic irreducible object Θn is expressed
as some Γ-contraction of Mn−1θ. The procedure will be illustrated in the first few examples of
the next section.
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VI Irreducible Spinor-Tensors.
Unlike in the bosonic case, this time we will proceed forward.
θ5.
It is easy to obtain the anti-selfdual spinor-tensor corresponding to
[
3
2
3
2
3
2
3
2
−3
2
]
:
ΘA1...A55 = M
A1A2A3ΘA4A53 = M
A1A2A3MA4A5CΓCθ =
= ΓCM
C;A1...A5
4 θ (6.1)
Evidently it is traceless, but it is also Γ-traceless:
ΓDΘ
DA1...A4
5 =
1
5
ΓD
(
3MDA1A2MA3A4C + 2MA1A2A3MA4DC
)
ΓCθ
=
3
5
MDA1A2MA3A4CΓDCθ = 0 (6.2)
where we have used (5.3) as well as (2.6). The anti-selfduality
ΘA1...A55 = −
1
5!
ǫA1...A5B1...B5Θ5B1...B5 (6.3)
together with (6.2) imply the property
Γ[BΘ
A1...A5]
5 = 0 (6.4)
The second irreducible θ5 piece is:
ΘA;B1B25 = M
B1B2
EΘ
AE
3 = M
B1B2
EM
AEDΓDθ
= MDA;B1B24 ΓDθ (6.5)
Usual tracelessness is also obvious here, while
ΓDΘ
D;B1B2
5 = 0 (6.6)
follows again from (5.3). The other Γ-trace also vanishes:
ΓDΘ
A;DB
5 = ΓDM
DB
EM
AEFΓF θ = M
DB
EM
AEFΓDFθ
= MFDEM
AEBΓDFθ = 0 (6.7)
where we used our old friend (2.6) and (5.3) once more. Lastly, a property inherited from
MA1A2;B1B24 is
Θ
[A;B1B2]
5 = 0 (6.8)
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Next we proceed to decompose products. By detracing one readily arrives at
MA1A2;B1B24 θ =
1
5
[
ΓA1ΘA2;B1B25 + Γ
B1ΘB2;A1A25
]
(6.9)
MA;B1...B54 θ =
1
10
(
ΓAΘB1...B55 + Γ
B1B2B3ΘA;B4B55
)
(6.10)
With (6.9), (6.10) and (3.5) one can write the more general product
MA1A2A3MB1B2B3θ =
1
2
ΓA1ΘA2A3B1B2B35
+
3
20
[
ΓA1ΓB1B2ΘB3;A2A35 + Γ
B1ΓA1A2ΘA3;B2B35
]
(6.11)
from which in turn we get
MA1A2A3ΘB1B23 = Θ
A1A2A3B1B2
5 −
3
10
ΓA1ΓB1ΘB2;A2A35
+
3
10
ΓA1A2ΘA3;B1B25 −
6
10
ηA1B1ΘB2;A2A35 (6.12)
θ7.
For the representation
[
5
2
3
2
3
2
1
2
−1
2
]
we need an object with 4 tensor indices, so consider
ΘˆA1A2;B1B27 = M
A1A2
EΘ
E;B1B2
5 =M
A1A2
DM
B1B2
EΘ
DE
3 =
= ΓCM
A1A2
EM
CE;B1B2
4 θ = 3ΓCM
CA1;A2B1B2
6 θ (6.13)
This object is evidently antisymmetric in A1, A2 and in B1, B2, but it is also antisymmetric upon
interchange of both sets of indices:
ΘˆA1A2;B1B27 = −Θˆ
B1B2;A1A2
7 (6.14)
Normal tracelessness is obvious and Γ-tracelessness follows from that of ΘA;B1B25 :
ΓEΘˆ
EA;B1B2
7 = ΓEΘˆ
B1B2;AE
7 = 0 (6.15)
Also, from the definition we extract the properties
Θˆ
A[B;C]D
7 = Θˆ
D[B;C]A
7
Θˆ
[A1A2;B1B2]
7 = 0 (6.16)
Clearly, this object must be irreducible; however, the corresponding Young pattern symmetry is
not manifest, so we define the new object
ΘB;A1A2A37 = Θˆ
B[A1;A2A3]
7 = ΓCM
CB;A1A2A3
6 θ (6.17)
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Eq. (6.16) implies
Θ
[B;A1A2A3]
7 = 0 (6.18)
Again, these two spinor-tensors are equivalent and the inverse of (6.17) is
ΘˆA1A2;B1B27 = −3Θ
[B1;B2]A1A2
7 (6.19)
For the representation
[
7
2
1
2
1
2
1
2
1
2
]
we need an object with 3 tensor indices, so try
ΘABC7 = ΓDM
DA
EΘ
C;BE
5 = ΓDM
DAEMBFEΘ
FC
3 =
= ΓDM
DA;B
4 F Θ
FC
3 (6.20)
From (6.20), (5.5), (4.80), (4.85) and the properties ofMS1S2;B1B2B36 one can also obtain
ΘABC7 = −
3
2
ΓD1D2M
B(A;C)D1D2
6 θ (6.21)
which shows that ΘABC7 is symmetric in A,C. In order to show that it is completely symmetric,
we need to prove symmetry in A,B:
Θ
[AB]C
7 = −
1
2
ΓDM
ABEMDFEΘ
FC
3
= −
1
2
MABEΓDΘ
C;DE
5 = 0 (6.22)
Thus:
ΘABC7 = Θ
BAC
7 = Θ
CBA
7 = Θ
ACB
7 (6.23)
Next let us show that it vanishes upon contraction with ΓA,
ΓCΘ
ABC
7 = ΓCΓDM
DAEMBFEΘ
FC
3
= 2MC
AEMBFEΘ
FC
3 = −M
BAEMFCEΘ
FC
3 = 0 (6.24)
as it is clear from (5.5) and (2.3).
Now we proceed to list the θ6 × θ decompositions. First, by Young projection we get
ΓE1E2M
S1S2;CE1E2
6 θ = −
2
3
ΘS1S2C7 (6.25)
which can also be obtained from (6.21) plus (6.23). For the remaining MS1S2;B1B2B36 θ products
we have, together with (6.17),
ΓE1E2M
SE1;E2B1B2
6 θ = 0
ΓEM
S1S2;C1C2E
6 θ =
1
2
ΘS1;S2C1C27 +
1
6
ΓC1ΘC2S1S27
MS1S2;B1B2B36 θ =
1
7
ΓS1ΘS2;B1B2B37 +
3
28
ΓB1ΘS1;S2B2B37 +
1
28
ΓB1B2ΘB3S1S27 (6.26)
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ForMS1S2;B1...B56 θ we have instead:
ΓE1...E4M
A1A2;CE1...E4
6 θ = 0 ΓE1...E4M
AE1;B1B2E2E3E4
6 θ = 0
ΓE1E2E3M
AE1;E2E3B1B2B3
6 θ = −
6
5
ΘA;B1B2B37 ΓE1E2E3M
A1A2;B1B2E1E2E3
6 θ = −
18
5
ΘA1;A2B1B27
ΓE1E2M
E1E2;B1...B5
6 θ = 0
ΓE1E2M
AE1;E2B1...B4
6 θ = −
6
5
ΓB1ΘA;B2B3B47 ΓE1E2M
A1A2;B1B2B3E1E2
6 θ = −
9
5
ΓB1ΘA1;A2B2B37
ΓEM
AE;B1...B5
6 θ = Γ
B1B2ΘA;B3B4B57
ΓEM
A1A2;B1...B4E
6 θ =
2
35
[ΓA1ΓB1ΘA2;B2B3B47 + 12Γ
B1B2ΘA1;A2B3B47
+2ηA1B1ΘA2;B2B3B47 ]
MA1A2;B1...B56 θ = −
1
7
ΓA1ΓB1B2ΘA2;B3B4B57 +
3
14
ΓB1B2B3ΘA1;A2B4B57 (6.27)
θ9.
In this sector, we have the same representations than in the previous (θ7) one. Inspired by
(6.16), one defines
ΘABC9 = M
A
DEΘˆ
BD;EC
7 =
3
2
ΓFM
A
DEM
F (B;C)DE
6 θ
= −ΓFM
FABC
8 θ (6.28)
Its tracelessness and total symmetry have become obvious in the last equality in (6.28);
hence this is the irreducible spinor-tensor corresponding to
[
7
2
1
2
1
2
1
2
−1
2
]
. By projecting the product
MA1A2DΘ
S1S2D
7 one realizes that the other irreducible structure must be
ΘB;A1A2A39 = M
A1A2
DΘ
A3BD
7
= −
3
2
ΓE1E2M
A1A2
DM
A3D;BE1E2
6 θ =
3
2
ΓE1E2M
BE1E2;A1A2A3
8 θ. (6.29a)
Exploiting the symmetry of ΘABC7 we can interchange the roles of A3 and B in (6.29a) and
using the properties ofMS1S2;D1...D48 as well as the last equality in (6.29a), one can equally derive
ΘB;A1A2A39 = 2ΓEFM
BE;FA1A2A3
8 θ. (6.29b)
The ordinary trace vanishes manifestly as does the first Γ-trace:
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ΓEΘ
E;A1A2A3
9 = 0 (6.30)
The other one also vanishes:
ΓEΘ
B;EA1A2
9 =
2
3
ΓEM
EA1
DΘ
A2BD
7 =
2
3
ΓEM
EA1
DΓFM
FA2
CΘ
B;DC
5 =
=
2
3
MEA1DME
A2
CΘ
B;DC
5 = −
1
3
MEA2A1MEDCΘ
B;DC
5 = 0 (6.31)
as implied by (6.5) and (2.3). The remaining property inherited from (4.75) is
Θ
[B;A1A2A3]
9 = 0 (6.32)
Turning to the θ8 × θ decompositions, the first one is trivially inferred from (6.28)
MS1S2S3S48 θ = −
1
4
ΓS1ΘS2S3S49 . (6.33)
From (6.29a) one successively derives the set:
ΓEM
A1A2A3;B1B2E
8 θ = −
2
15
ΓB1ΘB2;A1A2A39 +
2
10
ΓA1ΘB1;B2A2A39
MA1A2A3;B1B2B38 θ = −
1
45
(
ΓA1A2ΘA3;B1B2B39 + Γ
B1B2ΘB3;A1A2A39
)
+
1
15
ΓA1B1ΘA2;A3B2B39 (6.34)
while from (6.29b) instead, the set
ΓEM
EA;B1...B4
8 θ = −
1
2
ΓB1ΘA;B2B3B49
MAC;B1...B48 θ = −
2
63
(
ΓAΓB1ΘC;B2B3B49 + Γ
CΓB1ΘA;B2B3B49
)
+
1
126
(
ηAB1ΘC;B2B3B49 + η
CB1ΘA;B2B3B49
)
+
1
42
ΓB1B2
(
ΘA;CB3B49 +Θ
C;AB3B4
9
)
+
1
42
ΓB1B2B3ΘB4AC9 (6.35)
θ11.
For the representation
[
5
2
3
2
1
2
1
2
1
2
]
we first construct the object with 3 indices by contracting
MA1A2A3 with ΘABC9 . We define
ΘˆA;BC11 = ΓDM
DAEΘBC9 E = ΓDM
DBCE
8 Θ3
A
E
= ΓE1E2Mˆ
BCE1;E2A
10 θ =
3
2
ΓE1E2M
BC;AE1E2
10 θ (6.36)
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Then, we see that the tracelessness of ΘˆA;BC11 is trivially satisfied and the Γ-tracelessness is also
immediate from (6.36):
ΓAΘˆ
A;BC
11 = ΓAΓDM
DBCE
8 Θ3
A
E = 2ηADM
DBCE
8 Θ3
A
E = 0
ΓBΘˆ
A;BC
11 = ΓBΓDM
DAEΘBC9 E = 2ηBDM
DAEΘBC9 E = 0 (6.37)
So ΘˆA;BC11 is irreducible, and a useful property of Θˆ
A;BC
11 can be inferred from the group theory:
i.e., we must have
Θˆ
(A;BC)
11 = 0, (6.38)
which reflects the fact that we can not have an irreducible object with totally symmetrized 3
indices in θ11-sector (see Table1). In fact, (6.38) can be readily verified from the definition (6.36):
Θˆ
(A;BC)
11 = −ΓE1E2Mˆ
E1(BC;A)E2
10 θ =
1
3
ΓE1E2Mˆ
BCA;E1E2
10 θ
=
1
3
MBCAF8 ΓE1E2M
E1E2
Fθ = 0
Even though ΘˆA;BC11 is irreducible, its Young symmetry is not manifest, so we need to define
a new object for
[
5
2
3
2
1
2
1
2
1
2
]
:
ΘB;CD11 = Θˆ
[C;D]B
11 =
3
2
ΓE1E2M
BE1;E2CD
10 θ. (6.39)
Then, it is obvious from the definition (6.39) and (4.48) that ΘB;A1A211 satisfies
Θ
[B;A1A2]
11 = 0, (6.40)
and the inverse of (6.39) is
ΘˆA;S1S211 = −
4
3
ΘS1;S2A11 . (6.41)
Turning to the representation
[
3
2
3
2
3
2
3
2
3
2
]
, we need an object with 5 totally antisymmetrized
tensor indices. Naturally, we define
ΘA1...A511 =ME
A1A2ΘE;A3A4A59 = −ΓE1E2M
E1E2;A1...A5
10 θ. (6.42)
Again, the tracelessness is trivial, but for the Γ-tracelessness we need a little work:
ΓA1Θ
A1...A5
11 = ΓA1M
E[A1A2Θ9E
;A3A4A5] =
2
5
ΓDM
DA2
EΘ
E;A3A4A5
9
=
2
5
MA2A3FΓDM
DA4
EΘ
A5FE
7 =
3
5
MA2A3FΓDΘ
F ;DA4A5
9 = 0. (6.43)
The irreducible object ΘA1...A511 satisfies similar properties to those of Θ
A1...A5
5 . First, it is self-dual:
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ΘA1...A511 =
1
5!
ǫA1...A5B1...B5Θ11B1...B5 (6.44)
and it satisfies
Γ[BΘ
A1...A5]
11 = 0. (6.45)
While the self-duality (6.44) is obvious from (4.60) and (6.42), eq. (6.45) may be obtained from
(6.43) and (6.44) similarly to the case of ΘA1...A55 . In fact, the property (6.45) as well as (6.4) may
be also justified by the fact that: (1)Γ[A1Θ
A2...A6]
11 and Γ
[A1Θ
A2...A6]
5 are irreducible and, (2)we can
not have an irreducible object with 6 fully antisymmetrized indices in the θ11- and θ5-sectors.
Γ[A1Θ
A2...A6]
11 is indeed irreducible because it is both η- and Γ-traceless:
ΓA1Γ
[A1Θ
A2...A6]
11 = 0, (6.46)
as can be seen by expanding the bracket.
Now let us list the θ10 × θ decompositions. ForMS1S2;A1A2A310 θ products we first have (6.36),
(6.39) and
ΓE1E2M
S1S2;AE1E2
10 θ = −
8
9
ΘS1;S2A11 . (6.47)
Then from these two we successively obtain the remaining decompositions:
ΓEM
EA;B1B2B3
10 θ = −
1
3
ΓB1ΘA;B2B311
ΓEM
S1S2;A1A2E
10 θ =
4
63
(
ΓS1ΘS2;A1A211 + 3Γ
A1ΘS1;S2A211
)
MS1S2;A1A2A310 θ =
1
210
(
−9ΓS1ΓA1ΘS2;A2A311 + 4η
S1A1ΘS2;A2A311 + 6Γ
A1A2ΘS1;S2A311
)
. (6.48)
On the other hand, forMA1A2;B1...B510 θ we have (6.42) and
ΓE1...E4M
A1A2;BE1...E4
10 θ = −
8
5
ΘB;A1A211
ΓE1...E4M
BE1;E2E3E4A1A2
10 θ = −
2
5
ΘB;A1A211
ΓE1E2E3M
A1A2;B1B2E1E2E3
10 θ =
2
5
ΓB1ΘB2;A1A211
ΓE1E2E3M
AE1;E2E3B1B2B3
10 θ =
1
5
ΓB1ΘA;B2B311
33
ΓE1E2E3M
E1E2;E3A1...A4
10 θ = 0
ΓE1E2M
AE1;E2B1...B4
10 θ =
1
5
ΘAB1...B411 +
4
50
ΓB1B2ΘA;B3B411
ΓE1E2M
A1A2;B1B2B3E1E2
10 θ = −
1
10
ΘA1A2B1B2B311
+
1
200
(
17ΓB1B2ΘB3;A1A211 − Γ
A1ΓB1ΘA2;B2B311 − 4η
A1B1ΘA2;B2B311
)
ΓEM
EA;B1...B5
10 θ =
1
10
ΓAΘB1...B511 +
1
30
ΓB1B2B3ΘA;B4B511
ΓEM
A1A2;B1...B4E
10 θ = −
1
20
ΓA1ΘA2B1...B411
−
1
600
(
3ΓA1ΓB1B2ΘA2;B3B411 + 11Γ
B1B2B3ΘB4;A1A211 + 6η
A1B1ΓB2ΘA2;B3B411
)
MA1A2;B1...B510 θ =
1
88
(
ΓA1A2ΘB1...B511 − 2η
A1B1ΘB2...B5A211
)
+
1
240
(
ΓA1ΓB1B2B3ΘA2;B4B511 − Γ
B1...B4ΘB5;A1A211
)
(6.49)
θ13.
The only representation we have in this sector is just
[
3
2
3
2
1
2
1
2
1
2
]
like in the θ3-sector and this
means that we need an object with 2 antisymmetric tensor indices again. Let us define
ΘAB13 = M
A
E1E2Θ
B;E1E2
11 . (6.50)
Then the antisymmetry property of ΘAB13 is automatically insured as soon as we obtain the
following identity. That is, if we use (6.39), (4.48) and the first equation of (4.49), eq. (6.50)
becomes
ΘAB13 =
3
2
ΓD1D2M
BD1;D2E1E2
10 M
A
E1E2θ
= −
3
2
ΓD1D2M
BE1;E2D1D2
10 M
A
E1E2θ
= −ΓD1D2M
D1D2;AB
12 θ (6.51)
Further, the other expression for ΘAB13 is also immediately obtained from (6.51) if we use the first
equation of (4.61), and (6.42):
34
ΘAB13 = −
5
2
ΓD1D2M
D1D2;ABE1E2E3
10 ME1E2E3θ =
5
2
ME1E2E3Θ
E1E2E3AB
11 . (6.52)
On the other hand, the normal tracelessness of this antisymmetric spinor-tensor is trivial and
ΓDΘ13
DA = 0 (6.53)
is also obvious from the last equality in (6.52). So ΘA1A213 is the irreducible object corresponding
to the representation
[
3
2
3
2
1
2
1
2
1
2
]
. Now, for the θ12 × θ decompositions we have
ΓEM
EA;B1B2
12 θ =
1
12
(
ΓAΘB1B213 − Γ
B1ΘB2A13
)
MˆS1S2;X1X212 θ =
1
33
ΓS1X1ΘS2X213
MA1A2;B1B212 θ =
1
132
(
ΓA1A2ΘB1B213 + Γ
B1B2ΘA1A213 + 2Γ
A1B1ΘA2B213
)
(6.54)
and
ΓE1...E5M
A;E1...E5
12 θ = 0
ΓE1...E4M
A;BE1...E4
12 θ = −
4
5
ΘAB13
ΓE1...E4M
E1;E2E3E4A1A2
12 θ =
2
5
ΘA1A213
ΓE1E2E3M
B;A1A2E1E2E3
12 θ = −
3
15
ΓA1ΘA2B13
ΓE1E2E3M
E1;E2E3A1A2A3
12 θ = −
1
5
ΓA1ΘA2A313
ΓE1E2M
B;A1A2A3E1E2
12 θ = −
1
450
(
19ΓA1A2ΘA3B13 + Γ
BΓA1ΘA2A313 + 4η
BA1ΘA2A313
)
ΓE1E2M
E1;E2A1...A4
12 θ = −
2
25
ΓA1A2ΘA3A413
ΓEM
E;A1...A5
12 θ =
1
30
ΓA1A2A3ΘA4A513
35
ΓEM
B;A1...A4E
12 θ =
1
450
(
4ΓA1A2A3ΘA4B13 − Γ
BΓA1A2ΘA3A413 − 2η
BA1ΓA2ΘA3A413
)
MB;A1...A512 θ =
1
540
(
ΓBΓA1A2A3ΘA4A513 + Γ
A1...A4ΘA5B13
)
(6.55)
θ15.
Finally, for θ15-sector we have again only one representation, which is
[
1
2
1
2
1
2
1
2
−1
2
]
and the
corresponding irreducible object is a spinor with no tensor indices just like θ, but with opposite
chirality in this case. So the only possible candidate for Θ15 is:
Θ15 ≡ Θ = ΓDM
DE1E2Θ13E1E2 = ΓE1E2E3M
E1E2E3θ. (6.56)
For the decompositions we have
ΓE1E2M
E1E2Aθ =
1
10
ΓAΘ
ΓEM
EA1A2θ = −
1
90
ΓA1A2Θ
MA1A2A3θ = −
1
720
ΓA1A2A3Θ (6.57)
36
VII Products of MA1A2A3 with Spinor-Tensors
In this section we list the products of MA1A2A3 with all the Θn of section VI, since they are
another necessary ingredient in the development of the tensor calculus. Other more esoteric
product identities are given in Appendix B.
θ5
MA1A2A3ΘB1B23 = Θ
A1A2A3B1B2
5
−
3
10
ΓA1ΓB1ΘB2;A2A35 +
3
10
ΓA1A2ΘA3;B1B25 −
6
10
ηA1B1ΘB2;A2A35 (7.1)
θ7
MA1A2A3ΘB1...B55 = −
1
14
ΓB1...B4ΘB5;A1A2A37 +
15
14
(
ΓA1ΓB1B2B3 − 2ηA1B1ΓB2B3
)
ΘB4;B5A2A37
−
5
7
(
ΓA1A2ΓB1B2 + 2ηA1B1ΓA2ΓB2 − 2ηA1B1ηA2B2
)
ΘA3;B3B4B57 (7.2)
MA1A2A3ΘC;B1B25 =
5
14
(
−ΓCΓA1 + 4ηCA1
)
ΘA2;A3B1B27 +
1
21
(
ΓCΓB1 − 4ηCB1
)
ΘB2;A1A2A37
−
5
56
(
ΓA1ΓB1 − 10ηA1B1
)
ΘB2;CA2A37 −
5
56
(
5ΓA1ΓB1 − 2ηA1B1
)
ΘC;B2A2A37
+
5
28
ΓA1A2ΘA3;CB1B27 −
15
28
ΓA1A2ΘC;A3B1B27 −
1
21
ΓB1B2ΘC;A1A2A3
+
1
28
(
ΓA1A2ΓB1 − 4ηA1B1ΓA2
)
ΘA3B2C7 (7.3)
θ9
MA1A2A3ΘB;C1C2C37 = −
1
60
ΓA1A2A3ΘB;C1C2C39 +
1
140
ΓC1C2C3ΘB;A1A2A39
+
1
140
(
ΓBΓC1C2 +
2
3
ηBC1ΓC2
)
ΘC3;A1A2A39 +
1
10
ηBA1ΓA2ΘA3;C1C2C39
−
9
280
(
ΓA1ΓC1C2 +
2
3
ηA1C1ΓC2
)
ΘC3;BA2A39 −
1
280
(
23ΓA1ΓC1C2 − 22ηA1C1ΓC2
)
ΘB;C3A2A39
+
3
20
ΓA1A2ΓC1ΘB;A3C2C39 −
1
20
(
ΓC1ΓA1A2 − 6ηA1C1ΓA2
)
ΘA3;BC2C39
+
1
20
(
ΓBΓA1ΓC1 + ηA1C1ΓB + ηBA1ΓC1 − ηBC1ΓA1
)
ΘA2;A3C2C39
−
1
140
(
ΓA1A2ΓC1C2 − 6ηA1C1ΓA2ΓC2 − 22ηA1C1ηA2C2
)
ΘA3C3B9 (7.4)
37
MA1A2A3ΘS1S2S37 = −
1
16
ΓA1A2A3ΘS1S2S39 +
3
112
(
5ΓA1A2ΓS1 − 8ηS1A1ΓA2
)
ΘA3S2S39
−
1
7
ηS1S2ΘS3;A1A2A39 −
3
28
(
ΓS1ΓA1 − 14ηS1A1
)
ΘS2;S3A2A39 (7.5)
θ11
MA1A2A3ΘS1S2S39 =
2
70
(
ΓA1A2ΓS1 − 10ηS1A1ΓA2
)
ΘS2;S3A311
−
3
70
(
ηS1S2ΓA1 − 2ηS1A1ΓS2
)
ΘS3;A2A311 (7.6)
MA1A2A3ΘC;B1B2B39 =
26
330
ΓA1A2ΘA3B1B2B3C11 +
31
330
ΓB1B2ΘB3A1A2A3C11
+
1
330
(
21ΓCΓA1 + 109ηCA1
)
ΘA2A3B1B2B311 −
91
330
ηCB1ΘB2B3A1A2A311 +
213
330
ηA1B1ΘA2A3B2B3C11
+
1
1680
(
11ΓB1B2B3ΓA1 − 50ηA1B1ΓB2B3
)
ΘC;A2A311 −
1
40
ΓA1A2A3ΓB1ΘC;B2B311
+
1
120
(
2ΓCΓA1A2ΓB1 − 9ηCA1ΓA2ΓB1 − ηCB1ΓA1A2 − ηB1A1ΓCΓA2 − 18ηCA1ηA2B1
)
ΘA3;B2B311
+
1
1680
(
−11ΓA1ΓCΓB1B2 − 30ηCB1ΓB2ΓA1 + 24ηA1B1ΓCΓB2 + 140ηCB1ηB2A1
)
ΘB3;A2A311
−
1
840
(
ΓB1B2ΓA1A2 + 42ηA1B1ΓA2ΓB2 + 168ηA1B1ηA2B2
)
ΘB3;A3C11
−
1
840
(
29ΓA1A2ΓB1B2 + 22ηA1B1ΓA2ΓB2 − 64ηA1B1ηA2B2
)
ΘC;A3B311 (7.7)
θ13
MA1A2A3ΘC;B1B211 =
1
11
[
−
1
36
(ΓCΓA1A2A3 − 12ηCA1ΓA2A3)ΘB1B213
+
1
60
(5ηCB1ΓB2ΓA1 − 18ηCB1ηB2A1 + 3ηCA1ΓB1B2 + 3ηA1B1ΓCΓB2)ΘA2A313
+
1
60
(2ΓCΓB1ΓA1A2 − 8ηCB1ΓA1A2 − 30ηCA1ΓA2ΓB1 − 20ηCA1ηA2B1)ΘA3B213
−
1
36
(ΓA1A2A3ΓB1 + 6ηB1A1ΓA2A3)ΘB2C13
−
1
60
(2ΓB1B2ΓA1A2 + 30ηA1B1ΓB2ΓA2 − 80ηA1B1ηA2B2)ΘA3C13
]
(7.8)
MA1A2A3ΘB1...B511 =
1
72
(
−ΓA1A2A3ΓB1B2B3 + 6ηB1A1ΓA2A3ΓB2B3 + 12ηA1B1ηA2B2ΓA3ΓB3
)
ΘB4B513
+
1
60
(
ΓA1A2ΓB1...B4 + 6ηA1B1ΓA2ΓB2B3B4 − 8ηA1B1ηA2B2ΓB3B4
)
ΘB5A313
+
2
720
(
ΓB1...B5ΓA1 − 6ηA1B1ΓB2...B5
)
ΘA2A313 (7.9)
38
θ15
MA1A2A3ΘB1B213 = −
1
7× 720
(
ΓA1A2A3ΓB1B2 + 6ηB1A1ΓA2A3ΓB2 − 24ηB1A1ηB2A2ΓA3
)
Θ (7.10)
VIII Conclusions
We have presented here in detail the irreducible tensors and spinor-tensors contained in a scalar
superfield of definite chirality, Φ(x, θ(+)) in particular but the results for Φ(x, θ(−)) are trivially
obtained making the changes explained in the introduction. The results for the most basic
products of these irreducible structures have also been presented as a first step towards a full
tensor calculus. The remaining products can be derived by iteration of the formulae here and
will appear elsewhere.
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Appendix A. Conventions and Bosonic Identities
Our conventions are ηAB = ηAB = diag(+− . . .−), ǫ01...9 = ǫ01...9 = 1 and the Dirac algebra is
{ΓA,ΓB} = 2ηAB A,B = 0, 1, . . . 9. (A.1)
Our definition for Γ(11) is
Γ(11) = Γ0Γ1 . . .Γ9
which satisfies
Γ2(11) = I Γ
†
(11) = Γ(11)
Then θ(+) = Π(+)θ = 1
2
(I + Γ(11))θ belongs to the [
1
2
1
2
1
2
1
2
1
2
] representation of SO(10) while
θ(−) = Π(−)θ = 1
2
(I − Γ(11))θ belongs to [
1
2
1
2
1
2
1
2
−1
2
].
In 10 dimensions the Majorana and Weyl condition can be implemented simultaneously and
therefore our Majorana-Weyl spinors θ(±) satisfy
θ¯(±)ΓA1...Anθ
(±) = 0 for n 6= 3, 7 (A.2)
The only independent bilinear in θ(±) is thenM
(±)
ABC = θ¯
(±)ΓABCθ
(±) since we have the identity
(2.8). Powers of this bilinear satisfy many identities, implied by the basic Fierz one, that are
used in the straightforward derivation of the decomposition of the θ6 product in section III. Here
is a list,
MA1A2
C1MA3
C2C3 = −
1
3
MA1A2A3M
C1C2C3 + δC1A1MA2A3EM
C2C3E
ME[A1A2MB1B2B3] =
2
5
MEA1A2MB1B2B3 +
3
5
MEB1B2MB3A1A2
−
3
10
ηEB1MA1A2DMB2B3D −
3
5
ηA1B1MA2EDMB2B3D
MA1C1DM
A2C2B1MB2B3D =
−
1
2
MD
C1C2MA1A2B1MB2B3D +
1
2
MD
C1C2MA1A2DMB1B2B3 −
1
2
MB1C1C2MD
A1A2MB2B3D
−
1
2
ηA1B1MA2DEMC1C2DM
B2B3
E − η
A1C1MC2DEMA2B1DM
B2B3
E −
1
2
ηB1C1MC2DEMA1A2DM
B2B3
E
MA3C3B3MA1A2B1MC1C2B2 =
1
6
MB1B2B3MA1A2A3MC1C2C3 −
1
2
MA3B1B2MB3C1C2MC3A1A2
−
1
2
ηB1C1MA1A2A3MB2B3DMC2C3D −
1
2
ηA1B1MA2A3DM
B2B3DMC1C2C3
−
1
2
ηA1B1MA2A3DM
B2B3C1MC2C3D +
1
2
ηA1C1MA2A3DM
B2B3DMC2C3B1
+
1
2
ηA1B1MA2A3C1MB2B3DM
C2C3D + ηB1A1ηB2C1MB3DEMA2A3DM
C2C3
E
40
ǫAB4...B7CE1...E4MDB1B2MDE1E2ME3E4
B3 = 0
MDE[AMDF1F2MF3E
C] = 0
MAB1B2MB3B4B5MB6B7C = −
2
7× 5!
ǫB1...B7E1E2E3MDAFMDE1E2ME3F
C
MAD1D2MD3D4EMC1C2E =
5
6
ME[AD1MD2D3D4]MC1C2E
+
5
3
M [AD1D2MC1C2]EMD3D4E +
2
3
ηD4C1MAE1D1MD2D3E2ME1E2
C2
1
5!
ǫB1...B6D1...D4MAD1D2MD3D4EM
C1C2E =
2
3
1
5!
ǫB1...B6D1D2D3C1MAE1D1MD2D3
E2ME1E2
C2
+
4
3
ηAB1ME
B2B3MB4B5B6MC1C2E +
2
3
ηC1B1ME
B2B3MB4B5B6MC2AE
A curious identity in the θ10 sector that is easy to prove is
ǫF1F2...F10M
AF1F2MBF3F4MCF5F6MDF7F8MEF9F10 = 0
as it should be since no such symmetric object is allowed to exist.
Next we give a summary of how eq.(3.10) is derived directly from (2.12) or (3.3-3.5). We
start with
MA1A2A3MB1B2B3MC1C2C3 =
=
(
−
1
4!
ǫB1B2B3D1...D5A1A2MA3D1D2MD3D4D5 +
3
2
ηA1B1MA2A3EM
B2B3E
)
MC1C2C3 =
= −
1
4!
ǫB1B2B3D1...D5A1A2MA3D1D2
(
−
1
4!
ǫD3D4D5
E1...E5C1C2MC3E1E2ME3E4E5 +
3
2
δC1D3MD4D5EM
C2C3E
)
+
3
2
ηA1B1MA2A3EM
B2B3EMC1C2C3
Expanding the product of the Levi-Civita symbols and using heavily the identities above, one
gets after a lot algebra
MA1A2A3MB1B2B3MC1C2C3 =
9
8
MA3C1C2MB3A1A2MC3B1B2 + IA1A2A3B1B2B3C1C2C3
with
41
IA1A2A3B1B2B3C1C2C3 =
=
3
8
{
6ηB1C1MA1A2A3MB2B3DMC2C3D + 4η
A1C1MA2A3DMB1B2B3MC2C3D
+
9
2
ηA1B1MA2A3DMB2B3DM
C1C2C3 − 6ηA1C1MA2A3B1MB2B3DMC2C3D
+
3
2
ηA1B1
(
MA2A3C1MB2B3DMC2C3D −M
A2A3DMB2B3C1MC2C3D
)
−
9
2
ηB1C1MA1A2DMB2B3DM
A3C2C3 − 3ηA1B1ηA2C1MA3DEM
B2B3DMC2C3E
−6ηA1C1ηB1C2MC3DEM
A2A3DMB2B3E − 6ηA1B1ηB2C1MB3DEM
A2A3DMC2C3E
−3
(
ηA1C1ηA2C2MB1B2DMB3A3E + ηB1C1ηB2C2MA1A2DMA3B3E
)
MC3DE
}
−ǫB1B2B3D1...D4C1A1A2MA3D1D2MD3D4EM
C2C3E
Iterating this equation, we arrive at
MA3C1C2MB3A1A2MC3B1B2 − IC1C2A3B1B2C3A1A2B3 =
9
8
M
[A3 [A1A2MB3][B1B2MC3]
C1C2]
=
=
5
24
MA1A2A3MB1B2B3MC1C2C3
−
1
6
(
MA3C1C2MB3A1A2MC3B1B2 +
1
2
MA3B1B2MB3C1C2MC3A1A2
)
+IIA1A2A3B1B2B3C1C2C3
with
IIA1A2A3B1B2B3C1C2C3 =
−
1
4
(
ηB1C1MA1A2A3MB2B3DMC2C3D + η
A1C1MA2A3DMB1B2B3MC2C3D
+ηA1B1MA2A3DMB2B3DMC1C2C3
)
+
1
12
(
ηA1C1MA2A3B1MB2B3DMC2C3D + η
B1C1MA1A2DM
B2B3DMC2C3A3
)
+
1
6
(
ηA1B1ηA2C1MA3DEM
B2B3DMC2C3E + ηA1C1ηB1C2MC3DEM
A2A3DMB2B3E
+ηA1B1ηB2C1MB3DEM
A2A3DMC2C3E
)
Applying the (normalized) operator S(A,B,C) that fully symmetrizes upon interchange of
the letters A,B,C, to the equations we have just obtained, we get a system of two equations
with solution
MA1A2A3MB1B2B3MC1C2C3 =
16
65
S(A,B,C)
[
5IA1A2A3B1B2B3C1C2C3
+
9
2
(
IC1C2A3B1B2C3A1A2B3 + IIA1A2A3B1B2B3C1C2C3
)]
42
Let us now proceed to prove the duality properties of the tensorsMA;B1...B512 andM
CD;B1...B5
10 .
From (4.34) and (2.6) we can also write
MB;A1...A512 =
1
2
MBD1
D2MFD2
D3MA1D3
D4MD1D4
D5MA2A3D5MF
A4A5 (A.3)
But:
MBD1
D2MFD2
D3MA1D3
D4MD1D4
D5M [A2A3D5M
FA4A5] =
= MBD1
D2MFD2
D3MA1D3
D4MD1D4
D5
1
5
(
3MA2A3D5M
FA4A5 + 2MFA2D5M
A3A4A5
)
=
3
5
MBD1
D2MFD2
D3MA1D3
D4MD1D4
D5MA2A3D5M
FA4A5 ,
so
MB;A1...A512 =
5
6
MBD1
D2MFD2
D3MA1D3
D4MD1D4
D5M [A2A3D5M
FA4A5]
= −
5
6
1
5!
MBD1
D2MFD2
D3MA1D3
D4MD1D4
D5ǫFA2...A5E1...E5MD5E1E2ME3E4E5
Now we have to “rotate” indices; that is, from the identity:
MFD2
D3MD1D4
D5MD3
D4[A1ǫFA2...A5E1...E5]MD5E1E2ME3E4E5 = 0 (A.4)
we see that
MFD2
D3MD1D4
D5MD5E1E2ME3E4E5
[
5MD3
D4A1ǫFA2...A5E1...E5
−MD3
D4F ǫA1...A5E1...E5 − 2MD3
D4E1ǫFA1...A5E2...E5 − 3MD3
D4E3ǫFA1...A5E1E2E4E5
]
= 0,
the second and third term vanish identically because of (2.3) and (3.11) respectively, and we
obtain
MFD2
D3MD1D4
D5MD5E1E2ME3E4E5MD3
D4A1ǫFA2...A5E1...E5 =
=
3
5
MFD2
D3MD1D4
D5MD5E1E2MHE3E4MD3
D4HǫFA1...A5E1...E4 .
Therefore
MB;A1...A512 =
1
2× 5!
ǫA1...A5FE1...E4MBD1
D2MD1D4
D5MFD2
D3MD3
D4HMD5E1E2MHE3E4
= −
1
2× 5!
ǫA1...A5FE1...E4MBD1
D2MD1D4
D5MD4F
D3MD3D2
HMD5E1E2MHE3E4
=
1
2× 5!
ǫA1...A5E1...E5MBD2D1M
D5D1
D4ME1
D4D3MD2D3
HMD5E2E3MHE4E5
=
1
5!
ǫA1...A5E1...E5MB;12A1...A5,
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the desired result. Notice the opposite sign with respect to the θ4 piece, whose duality was
explicitly used. ForMCD;B1...B510 the derivation proceeds similarly and again one obtains a result
opposite to the θ4 one.
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Appendix B. Fermionic Identities
In this Appendix we list identities involving some products of powers of MABC with the spinor-
tensors.
ME1E2
CΘA1A2A3E1E25 =
3
5
ΘC;A1A2A37 (B.1)
MEB;A1A24 Θ3
C
E =
1
2
(
ΘˆA1A2;BC7 − Θˆ
BA1;A2C
7
)
+
1
4
ΓA1ΘA2BC7 (B.2)
MCE1E2MA1A2E1M
B1B2
E2θ =
=
1
28
(
ΓCΘˆA1A2;B1B27 + 2Γ
A1ΘˆA2B1;B2C7 − 2Γ
A1ΘˆA2C;B1B27 − Γ
A1ΓB1ΘA2B2C7
−ΓCΘˆB1B2;A1A27 − 2Γ
B1ΘˆB2A1;A2C7 + 2Γ
B1ΘˆB2C;A1A27 + Γ
B1ΓA1ΘB2A2C7
)
(B.3)
ΘˆBA1;A2C7 =
3
2
Θ
(B;C)A1A2
7 (B.4)
ΓEM
EBF Θˆ7F
C;A1A2 =MA1A2EΘBC7 E (B.5)
ΘABC9 =
1
24
ΓE1E2E3M
E1E2E3ΘABC7 (B.6)
MADEM
B
DFΘ
CEF
7 = Θˆ
C;AB
11 (B.7)
ME1E2
AΘB;CE1E29 =
2
3
ΘˆB;AC11 (B.8)
Θ
(C;D)A1A2
9 =
2
3
MEA1A2ΘCD7 E +
1
3
ΓA1ΘA2CD9 (B.9)
ME1
AE2ME2
BE3ME3
CE4ME4
DE5Θ3E5
E1 =
=
1
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(
2ΓAΘˆB;CD11 + Γ
AΘˆC;BD11 − 4Γ
BΘˆA;CD11 + Γ
BΘˆC;AD11
−4ΓCΘˆA;BD11 − 5Γ
CΘˆB;AD11 − Γ
DΘˆB;AC11 − 2Γ
DΘˆC;AB11
)
(B.10)
ΓEM
EA
F Θˆ
F ;BC
11 = −
1
3
Γ(BΘ
C)A
13 (B.11)
ΓEM
EA
F Θˆ
B;CF
11 =
1
2
ΓAΘBC11 +
1
3
ΓBΘCA11 +
1
6
ΓCΘAB11 (B.12)
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Appendix C. Young Projector Method
Let us consider a Young diagram R with n rows having mi boxes in the i
th row (m1 ≥ m2 ≥
. . . ≥ mn) and having λj boxes in the jth column (n = λ1 ≥ λ2 ≥ . . . ≥ λm1). The Young
projector corresponding to a particular (RI) standard tableau [20] is given by
Y (RI) = α(R)QP (C.1)
Q =
m1∏
i=1
Qi P =
n∏
j=1
Pj
where Pj is the (normalized) operator that fully symmetrizes over the entries of the j
th row and
Qi is the (normalized) one that fully antisymmetrizes over the entries of the i
th column. For
operators so normalized, the normalization factor α needed for Y to be idempotent Y 2 = Y , is
α(R) =
dim(R)
m!

 n∏
j=1
mj !


(
m1∏
i=1
λi!
)
(C.2)
where m =
∑n
j=1mj =
∑λi
i=1 is the total number of boxes in the Young diagram and dim(R) is
the dimension of the irreducible representation of the symmetric group Sm corresponding to the
diagram R [21]. The products of factorials in (C.2) appear because we considered normalized Qi
and Pj in (C.1) (Q
2
i = Qi, P
2
j = Pj).
There are 14 standard tableaux associated with the diagram , however, due to identity
(2.6) many of them do not contribute. The tableaux that give non-vanishing results are
1
2
3
6
7
4
5
1
2
3
5
7
4
6
1
2
3
5
6
4
7
1
2
3
4
7
5
6
1
2
3
4
6
5
7
1
2
3
4
5
6
7
(C.3)
and the results for all the tableaux can be inferred from the first two
Y


1
2
3
6
7
4
5

MA1A2A3MB1B2DMC1C2D =
=
α
4
(M [A1A2A3MC1C2]DM
B1B2D +M [B1A2A3MC1C2]DM
A1B2D
+M [A1B2A3MC1C2]DM
B1A2D +M [B1B2A3MC1C2]DM
A1A2D) (C.4)
Y


1
2
3
5
7
4
6

MA1A2A3MB1B2DMC1C2D =
46
=
α
8
(M [A1A2A3MB2C2]DM
C1B1D +M [B1A2A3MB2C2]DM
A1C1D
+M [A1C1A3MB2C2]DM
B1A2D +M [B1C1A3MB2C2]DM
A1A2D), (C.5)
the letter convention has been momentarily suspended in (C.4) and (C.5).
So, to obtain the total projection corresponding to the diagram we add the contributions
of all the standard tableaux in (C.3)
Y



MA1A2A3MB1B2DMC1C2D =
=
α
4
(M [A1A2A3MB1B2]DM
C1C2D +M [A1A2A3MC1C2]DM
B1B2D
+2M [A1A2A3MB1C1]DM
B2C2D) (C.6)
α =
dim




7!
(2!2!)(5!2!) =
8
3
A comment is in order here. In projecting an arbitrary tensor one obtains a different ir-
reducible representation for each standard tableau [20]. The same is not true here, of course,
because of the nilpotency of the θ-tensors. Each irreducible representation appears only once
at each level in Table 1. The number of degrees of freedom are dramatically reduced by the
nilpotency of these structures and that is why the problem becomes manageable. For instance,
the product MA1A2A3MB1B2B3 instead of having
(
10
3
)
×
(
10
3
)
= 1202 = 14400 degrees of
freedom, it has only
(
16
4
)
= 770+1050 = 1820. But doing the counting explicitly by subtract-
ing the number of independent constraints implied by the conditions on the irreducible pieces
and otherwise derivable identities, can be an extremely painful task. However, one does not need
to dwell into all that detail, fortunately, but rather proceed to add all the projectors for the
different standard tableaux corresponding to a Young diagram in order to consistently extract
the unique representation involved in all the cases.
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